In the context of the digital filter design, a great deal of research has been done to facilitate their computation. The Pascal matrix defined in [1], [2] has provided its utility in this field. In this paper we summarize the direct transformation from low-pass continuous-time transfer function H(s) to discrete-time H(z) of the bandpass and bandstop transfer functions. This algorithm uses the Pascal matrix and is constructed from the rows of a Pascal triangle. The advantage of this method is that the inverse transformation is obtained with the Pascal matrix without computing the determinant of the system, which simplifies the process to obtain the associated analog transfer function H(s) if the discrete transfer function H(z) is known. Numerical example for matrices P, P1, Q and Q1 illustrate the practical utilization of this technique.
Introduction
Some procedures are available for designing digital bandpass filters in the literature [1] , [3] , [4] . In [4] s-z transformation was done in two steps. First was used a frequency transformation in the s domain and then was used a Pascal matrix for bilinear transformation. We shall give in this article another method for designing of discrete bandpass filter if the transfer function H(s) of the analog filter is known. The continuous-time circuit of a filter is completely described by the transfer function:
From this equation, vectors A and B representing the numerator and the denominator respectively can be given in the form:
where, A i and B i are real coefficients.
In the discrete-time domain the z transformation of the signals are used, which permit the characterization of digital filters by the transfer function:
H(z) = a 0 + a 1 z −1 + a 2 z −2 + · · · + a n z −n
also with real coefficients a i and b i . The problem of the systematic conversion from the continuous-time prototype transfer function H(s) to its discrete-time version H(z) is addressed in this paper considering the low-pass to band-pass conversion. The original Pascal matrix [2] is used to achieve this systematization, and a alternative representation of the original Pascal matrix is developed in this paper to reach the low-pass to bandpass and bandstop conversions.
The remainder of the paper is organized as follows: in Section 2, the main contribution of this paper, develops an alternative representation of the original bandpass Pascal matrix which allows low-pass to bandpass conversion. In Section 3, is obtained the bandstop Pascal matrix for low-pass to bandstop transformation. In section 4 is demonstrated the transformation from z plane to s plane. In section 5 examples illustrate the methodology of the transformation. The conclusion is presented in Section 6.
2 Low-pass to Bandpass Transformation.
The methodology considered in this section shows how to obtain a discrete bandpass filter characterized by the discrete-time transfer function H(z) BP from the equation (1) . The purpose is to obtain the transfer function H(z) BP from equation (1) by s-z transformation. The bandpass can be seen as a superposition of a low-pass filter and a highpass filter [5] , [6] , [7] , [8] . Then the s − z transformation has the form:
where
In the relations (5), f s represents the sampling frequency, f −1 is the lower cut-off frequency and f 1 is the upper cut-off frequency of the bandpass. In order to obtain the coefficients a i and b i (i = 0, 1, . . . , 2n) we need to know the coefficients of the continuous vectors A and B respectively. We must first substitute (4) into (1) then compare the numerator and denominator of the resulting transfer function with the corresponding ones in (3). For example without lost of generalization we choose n = 3 in (1). Due to the low-pass to bandpass transformation, the transfer function H(z) BP is of the order n = 6, equation (7) . If we substitute equation (4) into (6):
we get
These equations can be written in the following matrix form:
T and the product P ·Ā can be expressed as: 
which can be rewriten in the following form: 
Where P matrix is the square Pascal matrix for the lowpass to band-pass transformation, which is the same as lowpass to high-pass transformation [9] . The vectorĀ is calculated by the equation (12) . And vectorB is obtained by a similar process.
(11) For example for n = 3 we get
The matrix Equation (9) can be divided into matrices P, P 1 and vectors Q, Q 1 .
Matrix P is a Pascal matrix that can be obtained from a Pascal triangle (17). [9] , [10] , [11] , [12] .
In the first row of the Pascal matrix P, the elements P 1,j must be 1's (14). Then we can calculate by Equation (18) the elements of the first column P i,n+1 . From the classical Pascal triangle we can observe that the coefficients of the base n 6 creates the first column in the Pascal Matrix with the exception of the even rows, which have negative constants. The coefficients of the matrix Q1 can also be obtained from the Pascal triangle (17), for lines n 2 and n 3 .
The remaining elements P i,j of the Pascal matrix can be calculated using (19).
The elements of the Pascal matrix P and P 1 for n even and n ≤ 12 can be calculated by the following MATLAB script:
n=input('enter the value of "n":'); for t=1:1:n+1, P(1,t)=1; end for lcol=1:n+1, a=((-1)ˆ(lcol-1)) * (factorial(n)); b=(factorial(n+1-lcol) * factorial(lcol-1)); P(lcol,1)=a/b; end for i=2:n+1, for j=2:1:n+1, P(i,j)=P(i,j-1)+P(i-1,j-1)+P(i-1,j); end end P o=2; for i=1:1:n+1, for j=o+1:1:n-o+1, P1(i,j-o)=P(i,j); end end if (-1)ˆ(n/2)==-1 k=0; else k=1.; end s=0;kk=2; if n==8 kk=4; end for o=4:2:n/2, for i=1:1:n+1, for j=o+1:1:n-3-s, P1(i,n/2+j+k-kk)=P(i,j); if n==12 P1(i,n+3)=P(i,n-5); end end end s=s+2; end P1 P=0;P1=0;
Vector Q is symmetric and for arbitrary n has the form:
For n = 10 vector Q1 contains the coefficients of the Pascal triangle (20), lines n 2 , n 3 , n 4 and n 5 . For example the vector Q1 for n = 10 has the form: 
It is easy to prove that by changing in the vector A the parameters A i = A n−i (10) we get the matrix equation for low-pass to bandstop transformation. 
Z-S Transformation
To transform the transfer function H(z) BP or H(z) SB to H(s) LP it is necessary to change the signs of even columns of the Pascal matrix P for low-pass to high-pass transformation. Pascal matrixP can also be obtained by flipping the rows of the Pascal matrix P. For n=8 the matrixP has the form: 
The coefficients A 0 , A 1 , A 2 , A 3 and A 4 of the low-pass transfer function H(s) can be obtained from the coefficients of H(z) BP by the matrix equation
5 Examples
Example 1
In the following example, we shall calculate the matrices P, P1 and vectors Q and Q1 for transforming the low-pass transfer function H(s) to the bandpass transfer function H(z)BP of the order n = 8. 
From the Pascal triangle (26) and equation (19), the Pascal matrix P can be created. Matrix P1 contains the elements Pi,j for i = 1, 2, 3,..., 9 and j = 3, 4, ..., 7, 5. 
Vector Q is symmetric and contains the coefficients A4, A3, A2, A1 and A0, see equation (29). Vector Q1 contains the constants 4, 3, 2, 3, 4 and 6, see Pascal triangle, equation (26), lines n2, n3, n4.
Example 2
Let us transform the function of the low-pass transfer function H(s)LP to the bandpass function H(z)BP specified by f−1 = 1000 Hz, f1 = 3000 Hz and fm = 12000 Hz.
In order to transform the low-pass transfer function H(s)LP into the discrete transfer function H(z)BP we have to calculate the coefficients k, c and m first. 
Example 3
In this example we shall transform the Chebychev low-pass transfer function H(s)LP to the bandpass and bandstop transfer function using the following requirements, specified by: 
In the transfer functions (34) and (35) are missing odd constants of the vectors A and B because c = k.
Example 4
In this example we shall transform bandpass transfer function H(z) to the low-pass transfer function H(s) using the following constants: k = 1, c = 0.4142, m = 1.7071 and fm = 8000 Hz. By equations (10) and (8) 
Conclusion
Pascal matrix is very useful in the context of the digital filters design. Transformation can easily be performed from the analog prototype low-pass transfer function H(s) LP to the discrete transfer function H(z) BP to obtain a bandpass digital filter. In this paper we have developed an alternative representation of the original bandpass Pascal matrix that permits to convert systematically the low-pass continuoustime prototype to the discrete-time bandpass and bandstop transfer functions. Numerical examples illustrate the practical utilization of this technique.
